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Abstract—In this paper, we study the performance of the
recently proposed class of path-time codes (PTCs), which exploit
time and path diversity to increase the reliability of end-to-end
transmission in ad hoc multihop networks. Using the central
limit theorem, we prove that PTCs reshape the statistics of a
relay path including multiple cascaded links. In particular, as the
number K of relay paths becomes large, the cascaded channel
statistic is transformed from K -product Rayleigh to Rayleigh.
This is numerically demonstrated and analytically verified by
using the concept of “amount of fading” (AF). Our results show
that, by using PTCs, the end-to-end error-rate performance can
be boosted in addition to the diversity and coding gains.

I. INTRODUCTION

Recently, physical-layer multiple-input multiple-output
(MIMO) techniques are being applied to enhance the per-
formance of end-to-end transmission, using for example dis-
tributed space—time code (STCs) [1]{4] or distributed spatial
multiplexing [5]. In [6], [7], the application of virtual MIMO
technology to the network/session layer was proposed for
ad hoc cognitive radio networks. By encoding packets along
both path and time coordinates, path—time codes (PTCs) al-
low error-resilient end-to-end transmission based on multipath
routing [8], [9]. The data packet is encoded to multiple PTC-
coded packets and transmitted through multihop and multipath
routes. These coded packets are then jointly decoded at the
destination node.

Since this virtual MIMO on top of the physical layer is a
new scenario for the coding theory, in this paper, we analyze
the performance of end-to-end PTC transmission. We call link
the connection between two nodes, and path the connection
route between source and destination nodes, i.e., the end-
to-end connection. By assuming that the link gains can be
modeled as Rayleigh random variables, the channel of a relay
path comprising multiple cascaded links has a K-product
Rayleigh distribution. In this work, we first show that the
fading of end-to-end PTC transmission is effectively modeled
by the weighted sum of multiple K -product Rayleigh random
variables. Using the central limit theorem, as the number of
relay paths gets large, this statistic can be approximated by
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a Rayleigh distribution. Next, we investigate the amount of
fading (AF) [10], which is often used to quantify the severity
of the fading channel. As the number of links cascaded in the
relay path increases, the AF of the K -product Rayleigh fading
channel exponentially increases, implying that the communi-
cation over the cascaded fading channel has a worse error
performance than over the Rayleigh fading channel. However,
when a PTC is used, as the number of relay paths increases
the AF of the end-to-end channel approaches that of Rayleigh
fading. We derive a closed-form expression of AF for the end-
to-end path—time coded channel, which shows that PTCs not
only increase diversity and coding gains, but also mitigate the
performance degradation caused by multihop transmission. We
conclude that PTCs yield a promising technique for application
to networks using amplify-and-forward relays.

This paper is organized as follows. Section II describes end-
to-end path—time coded transmission. Section III theoretically
analyzes the AF of end-to-end PTC transmission over cascaded
fading channels. In Section I'V, numerical results are provided
to validate the analysis and demonstrate the performance of
the PTC. Finally, conclusions are drawn in Section V.

II. SYSTEM MODEL

In this work, we consider multihop networking with R
link-disjoint paths [11], [12] each including K, — 1 relay
nodes, » € {1,...,R}, as illustrated by an equivalent
directed-graph model of Fig. 1. Such multihop/multipath
routing can be established using the algorithms from [8], [9].

The source node encodes a data packet x € x? using
a permutation or discrete-Fourier-transform (DFT) code ma-
trix C, € CEXB for b = 1,..., B [6], [7], where X is the
signal constellation set, and B the number of coded packets
used to transmit a source data packet. The resulting coded
packet s, = Cpx at time instant b is then transmitted through
different relay paths by applying multiplexing techniques or a
two-step protocol [3]. The coded packet in each relay path is
amplified-and-forwarded toward the destination node.

66



2014 |IEEE International Symposium on Information Theory

Fig. 1. Equivalent topology of the multipath end-to-end transmission in an
ad hoc multihop network.

Define hy = [hp,1,...,hp r]"T € CF as the vector of fading
gains affecting the relay paths at time instant b, where (-)T
denotes transposition. The rth entry of hy is given by

K,
hy,r = H 9b,r, k>
k=1

where gy, 1 is the fading gain of the kth link in path 7 at
time b, and K, is the number of links in the rth relay path.
We assume that the link gains are independent and identically
distributed (i.i.d.) with zero mean and variance ag. It can
be seen that the path fading hy ., obtained by cascading K,
links, yields a worse error rate performance than with systems
operating over a Rayleigh fading channel [10].

The received coded packet at the destination node has the

expression

ey

R
y» = hf Cpx + Z My, = hpsp + np,

r=1

@

where 7, .-, the additive white Gaussian noise (AWGN) aggre-
gated from all links in path 7 at time instant b, has a variance
depending on both  and b, due to the amplification of the
link gains [3]. Therefore, the AWGN ny has a time-varying
noise power spectral density, denoted Ny . The received coded
packets from b = 1 to b = B can be represented in the form

h{ o’

S1 ni

y = =Hs+n. (3)

OT hg SB npg

H s n

With the formulation in (3), the end-to-end coded transmission
in ad hoc multihop networks is described by the same mathe-
matical expression as a MIMO system, where multiple nodes
are coordinated to form multihop/multipath routes between a
source/destination node pair. The source node encodes the
data along time and path coordinates, then transmits the
coded packets sp. At the destination node, multiple PTC-coded
packets arriving at the destination node from various time slots
and relay paths are collected and jointly decoded to recover
the data packet x. For more details of the PTC design, see [6],
[7].
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III. ANALYSIS OF EFFECTIVE FADING

In this section, we show that in addition to the diversity and
coding gains provided by conventional STCs over the Rayleigh
fading channel, PTCs can reshape the statistics of the cascaded
channel to a Rayleigh distribution, thereby improving the error
rate performance. We prove this by deriving the pairwise
error probability (PEP) and exhibiting numerical examples
validating our analysis. AF calculations further elucidate this
phenomenon, and show the dependence of AF on the number
of relay paths and the number of links.

A. PEP Analysis
Denoting the transmitted coded packet and the erroneously
detected coded packet by s and 8, respectively, the PEP f(s, §)
is defined as
f(s,8) = P (A(s,8) <0) )

where A denotes the log-likelihood ratio (LLR) of p(y | s)
and p(y | 8), i.e.,

A =logp(y | s) —logp(y | 8) ®)
with
1 . . 2
- _ - —|diag(p)y—diag(p)Hs||
py |s) = e ,  (6)
SR usd Hszl Nop

where diag(p) is a diagonal matrix whose diagonal entries

are p = [1/\/Noa,...,1/y/No.s,]". Inserting (6) into (5),
we have
A = ||diag(p)y — diag(p)H5|* — ||diag(p)y — diag(p)Hs|*
= ||diag(p)H(s — 8)[|* + 2 Re {diag(p)H(s — 8)"'n},
@)

showing that, given H, A is a conditionally Gaussian random
variable with mean

pa = ||diag(p)H(s — 8)||? ®)

and variance
)

The conditional moment-generating function (MGF) of this
Gaussian random variable A is given by

0,2\ = 20

M(t | H) = tH)ua (10)
To prove (10), we reformulate ;14 in (8) as
GRS
pa = N—hf(SZ —8;)(sb — 8) "hy
0,b
b=1" "
(@ ZB 1
a
Sl _hH Hh
NO ) b UbDbUb b
b=1""
) o 1
H
= E —v;'Dyv
b=1 No’b ’ "
© = 1
c 2 2112
= — — 11
N N0b|wb| lIsb — 8517, (an

o

—
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where () and (-)* denote Hermitian conjugation and con-
jugation, respectively. In (11), (a) is due to the eigendecom-
position of the Hermitian matrix (sj — §;)(sp — 8) " [13],
while Uy is a unitary matrix and Dy is the diagonal matrix
with eigenvalues being the diagonal terms; (b) is due to the
definition of v, = Ug’ hy; (¢) holds because due to the rank-1
property of (s;: —8;)(sy —8p) ", Dy, has at most one nonzero
eigenvalue, whose value is ||sp — 8y || 2. Moreover, we define wy,

as the entry of v} associated with the nonzero eigenvector
H
Wy = Wy, hb, (12)

where ||up||> = 1 is the eigenvector associated with the
nonzero eigenvalue. By using (11), M4 (t | H) becomes

5 2y_1 2 a2
M(t | H) = H €(t+t )y lwel“lise—=8ell )
b=1

13)

We then approximate the PEP using the Chernoff bound
with ¢t = —1/2, which yields

B sy—s12
f(s,8) ~ fep(s,8) = [ e ™ % (14)
b=1
where the effective signal-to-noise ratio (SNR) 3 is defined
as

A \wb\QUg

15
Mo 15)

and o2 denotes the variance of x.

B. Illustration of the Convergence with Central Limit Theorem

Since wy, is a weighted sum of R complex independent
random variables, the central limit theorem can be used to
prove that both Re {w, -} and Im {w, ,- } converge to Gaussian
random variables as R — oo. The convergence behavior is
illustrated in Fig. 2, where the empirical PDFs of Re {wp ,}
and Im {wy, .} for K = 2 and ag = 1 are depicted, together
with the PDF of the Gaussian random variable N(0, 1/2). We
see that for large R, Re{wp,} and Im{wp,} approach a
Gaussian distribution, illustrating the effect of the central limit
theorem.

C. Derivation of the AF
The AF, defined as

ry E [7(?] _Ehb]2
E )

was originally introduced as a measure of the severity of the
fading channel. In [14], the AF is generalized to describe
the system behavior when signal processing techniques and
channel statistics are included, and thus is a convenient and
powerful performance criterion. Roughly speaking, the higher
the AF, the worse the error rate performance. For example,
the AWGN channel, the Rayleigh fading channel, and the K-
product Rayleigh fading channel yield AF = 0, AF = 1
and AF = 25 — 1, respectively [10].

AF , (16)
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Fig. 2. Empirical PDFs of Re{wp,} and Im {w,} with K = 2

and 02 = 1, and PDF of a Gaussian random variable N(0, 1/2).

To compute the AF in our case, we first expand |wp|? as

2y

R
wol> = u,r*| oy
r=1

R R
2 Z Z ‘U’bﬂ"l Hub,rz thﬂd | ‘hb,w ‘ co8 (013,7“1 *917,7“2)7

ri=lro=ri1+1

a7

where 6, ;. denotes the phase of hp, and uy, is the rth entry
of up. We can compute the first moments of the random
variables |hp | under the assumption that |gp, x| are i.i.d.
Rayleigh random variables, whose moments are listed in [14].

‘We obtain
K, 2
oo K /2
E o) = T Ellgersll = (%)

(13)
k=1
K, K,
E b, 2] = T] E [lg6rl?] = (a;) , (19)
k=1
K- 2K,
E[lhoy*] = |1 E [lgo,rn]*] = 25" (o—j) . (20)
k=1

Next, consider the random variables cos(0p ., — 6.,). Since
Opr = Z,If:"l O 1. With 6, ~ U(—m, ) being the phase
of gp,r ., where U(—m, ) is the uniform distribution with sup-
port [—m, 7|, then cos (0, — 6pr,) is an arcsine-distributed
random variable with support [—1,+1] and first and second
moments

E [COS (95,7‘1 - 95,7“2)} = Oa (21)

E [cos® (Bb,r, — Ob,ry)] = (22)

Since |hp,-| and 6, are independent, using (17) we can
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compute the mean value of SNR
2

= [fwp?]

2
Oy

E ] =

(i)

(23)

9 9 K,
O'g 5

where (a) follows from (18), (19), and (21). To calcu-
late E [72], [wp|* is first expanded as

2
R
|wp|* = ( ub7r2|hb,r|2> +2 <Z|ub,r2hb,r|2> X
r=1 r=1

s )

Z Z ‘ub,’f‘l | ‘ubﬂ‘z thﬂ”1 | ‘hbﬂ’z | €os (9(),7”1 —bb,r,
2
(2 (eb,’l‘l . eb,'l‘z )) ”

}

R

ri=lra=r1+1

R R

Z Z b, ry [|Ub,rs ||, [P s | cOS

ri=lra=ri+1

(24)
Then, we have
2 2 R

(@) (O 2

E 2 N x E ( 2)
b8 2 () ( > +
R R

Ehb 2 Z Z uT12u7“22|hb)7‘1|2|hb,7’22l>

ri=1ra=ri+1

Oz

Nb,o

®)

() |

2K,
(=)
P13 S o Pl (o2)" ”‘) 5)
ri=1ro=ri+1

where (a) follows from (21) and (22), and (b) from (19)
and (20).

To shed light on the influence of K and R on the AF,
we make the assumption that the variance of the link gain is
normalized, i.e., ag = 1. Thus, (23) and (25) can be simplified
to

r=1

2

E ==
[e] Moo
B[] @< bo) <2+Z|ubr| 2)>, (26)
where (a) follows from
R
1= Z |ub7,,| > |2
=1 ri=lrao=r1+1
(27)
The AF takes the form
R
AF =1+ |up,|* (25" —2) (28)
r=1
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and is upper bounded by

AF < 2n]aXry':1,....R.{Kr‘} -1

(29)

In the special of all relay paths having the same number of
links, we may drop the subscript r of K, which yields the
lower bound

2K 2
AF > 1+ (30)
as a consequence of the Cauchy-Schwarz inequality
R R 2
R Jup,|* > <Z ub,T|2> —1. 31)
r=1 r=1

Note that in (30) equality holds when u,,, = R~/2 for r =
1,...,R.

Since the AF of the K -product Rayleigh fading is enhanced
by the PTC and lower bounded by the AF of Rayleigh fading
when R — oo, by using the PDF of Rayleigh fading and
the PDF of cascaded fading, expressed by the Meijer G-
function [15], [16]

_ KO0 | 2 =)
the PEP approximation fcg(s,$) in (14) is bounded by
(1o lse=sl? N :
[T+ ) <fe(s8)<
b—l z
lK |Sb'SbH 0 ... 0
H Gy 0 ] . (33)

The last term in (33) expresses the performance in terms of
coding and diversity gains when the channel statistics are
those of a K -product Rayleigh fading. Since path—time codes
reshape the channel statistics, the resulting PEP is better, as
it approaches the PEP Chernoff bound corresponding to a
Rayleigh fading channel when R — oc.

IV. SIMULATION RESULTS

In this section, the performance of the end-to-end PTC
transmission is evaluated by computer simulation, done to
validate our analysis.

Fig. 3 plots the AF with DFT-based PTC [7] with unity code
rate. Here, we only consider the error event whose Hamming
distance between x and X is one. In this case, up, = R’1/2,
and the lower bound in (30) holds with equality. We can see
that, for small K, the AF quickly drops to unity, which is
the AF value of Rayleigh fading channels. However, for K =
6, the AF decreases slowly, since this value is exponentially
proportional to K and linearly inversely proportional to R as
shown in (30).

The bit error rates (BERs) of end-to-end PTC transmission
for R = 2 and R = 4 are illustrated in Fig. 4(a) and Fig. 4(b).
For R = 4, the performance loss caused by cascading fading
channels decreases. For example, the BER gaps between the
system with Rayleigh fading (K = 1) and cascaded fading
(K = 6) are 22 dB and 10 dB for the case with R =
and R = 4, respectively.
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Fig. 4. BER comparisons of the end-to-end PTC transmission with various number of links K and relay paths R; QPSK modulation is adopted.
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Fig. 3. AF of the end-to-end PTC transmission with various number of

links K and relay paths R.

V. CONCLUSION

In this paper, we have shown that in addition to the diversity
and coding gains achieved by space—time codes, path—time
codes can reshape the channel statistics of end-to-end PTC
transmission from cascaded-Rayleigh fading to Rayleigh fad-
ing. This effect was numerically verified and analytically stud-
ied through the calculation of the AF. The closed-form expres-
sion of the AF we have obtained indicates the influence on per-
formance of the number of relay paths and the number of links,
and consequently can be used as a design tool. It should be
emphasized that this result is also applicable to more general
distributed STC-based transmissions [1]-{4] in relay networks.
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